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PROCEEDINGS OF THE ELISHA MITCHELL SCIEN- 
TIFIC SOCIETY. 


155TH MEETING, OcTOBER 11, 1904. 


Professor William Cain, President, in the chair. 
The following papers were presented: 


The Construction of a Double Six—A. Henderson. 
The Geological History of Currituck Banks—Collier Cobb. 
A. S. WHEELER, 
Recording Secretary. 


156TH MEETING, NOVEMBER 8, 1904. 


Professor William Cain, President, in the chair. 

The following papers were presented: 

Molecular Attraction—/. Z. Mills. 

Experiments on the Development of the Skeleton in Sponge 
Larvae—H. V. Wilson. 

The Theories of Dyeing with Special Reference to the Con- 
stitution of Cellulose—A. S. Wheeler. 


A. S. WHEELER, 
Recording Secretary. 
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157TH MEETING, JANUARY 10, 1905. 


Professor William Cain, President, in the chair. 
The following papers were presented: 
The Theory of Metal or Re-enforced Concrete Domes— 
William Cain. 
Steel Hardening Metals—/. H. Pratt. 
A. S. WHEELER, 
Recording Secretary. 


158tH MEETING, FEBRUARY 14, 1905. 


Professor William Cain, President, in the chair. 

The following papers were presented: 

Mode of Inspection of the Hookworm Disease—F. H. 
Whitehead. 

The Mystic Hexagram—Archibald Henderson. 

Statistics of Cotton Manufacturing in the South—C. Z. 
Raper. 

A. S. WHEELER, 
Recording Secretary. 


159TH Mretinc, Marcu 14, 1905. 


Professor William Cain, president, in the chair. 

The following papers were presented: 

Normal Paper—A. S. Wheeler. 

The Mutation Theory—W. C. Coker. 

Chemical Affinity: A Method for Distinguishing Chemical 
Energy from Simultaneous Physical Energy Changes—/. £. 
Mills. 

A. S. WHEELER, 
Recording Secretary. 


160TH MEETING, APRIL 11, 1905. 


Professor William Cain, president, in the chair. 
A motion was made and carried that the old arrangement 
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with the North Carolina Academy of Science be changed to 
read as follows: The Mitchell Journal to publish minutes 
and abstracts of papers for the annual meeting of the North 
Carolina Academy of Science for the sum of fifty dollars a 
year and that The Journal be sent to all members of the 
Academy, but not to the associate members. 

The following papers were presented: 

The Edison Storage Cell—/. Z. Latta. 

The Organization of the Ovum—AH. V. Wilson. 

Autophytographs— Collier Cobb. 

A. S. WHEELER, 
Recording Secretary. 


Business MEETING, SEPTEMBER 27, 1905. 


Professor William Cain, president, in the chair. 

Officers for the ensuing year were elected as follows: 

President, H. V. Wilson. 

Vice-President, Archibald Henderson. 

Corresponding Secretary, F. P. Venable. 

Recording Secretary, A, S. Wheeler. 

Editorial Committee on The Journal: W.C. Coker, Chair- 
man; Archibald Henderson, J. E. Latta. 

A. S. WHEELER, 
Recording Secretary. 








SOME PROBLEMS IN THE CELLULOSE FIELD.* 


BY ALVIN S. WHEELER. 
Professor of Chemistry, University of North Carolina. 





The vegetable cell is a laboratory in which are carried out 
a most remarkable series of chemical reactions. As we con- 
template the immense number of organic compounds of all 
degrees of compounds which are formed within the walls of 
the plant cell we are convinced that this is the chemical lab- 
oratory par excellence. Two features impress us particularly: 
first, the silence in which the operations are carried on; sec- 
ond, the narrow range of medium temperatures required. 
Notwithstanding this apparent simplicity of conditions the 
products are of the most various kind. Some of these man is 
able to synthesize in his own crude. way; others are still the 
secrets of nature. It is utterly impossible for man to prepare 
certain naturally occurring compounds except at a tempera- 
. ture which would burn the plant tissue. We are led to wonder 
whether forces exist of which we are unacquainted or whether 
we are merely unable to control the forces already familiar to 
us. It would be difficult to say which supposition is the more 
probable. It will be granted that investigation into the 
activities of the cell is of profound importance. In fact it 
has been said that ‘‘it is in the plant cell where synthetical 
operations are predominant that we have to look for the foun- 
dations of the ‘new chemistry’ which may be expressed broadly 
as the relation of matter to life.” 

Among the products which result from the activities of the 
cell is cellulose, an essential constituent of all plant tissue. 
Plant physiologists have been accustomed to identify cellulose 


*Reprinted from The Chemical Engineer, Vol. I1., No. 8, July. 1905. 
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with the cell wall, but modern investigation has demonstrated 
the error of this belief by showing that the ultimate products 
of hydrolysis of different cell walls are not the same. Cotton, 
for instance, yields dextrose; the cell walls of the seeds of 
Lupinus lutevs, and many other plants give galactose, while 
the seeds of the cereals and leguminous plants yield arabinose 
and xylose. It is clear that cell walls are not of uniform com- 
position. How they actually differ has not yet been deter- 
mined, their differentiation being an extremely difficult prob- 
lem. The name cellulose does not apply to a single individual, 
existing in only one form, like ethyl alcohol. Analyses of 
various bodies regarded as cellulose give figures leading to 
the empirical formula (C,H,,.O,)n in which the carbon percent- 
age is 44.2 and the hydrogen is 6.3. The highest percentage 
of cellulose is obtained from cotton, the yield being approxi- 
mately ninety per cent. Most of the remainder is water, and 
there are very smal] amounts of ash and complex organic 
compounds. Flax, hemp and ramie also give large yields of 
cellulose. Again, cellulose is used to designate combinations 
of the body already mentioned with highly complex radicals 
of unknown constitution. These are compound celluloses and 
are more specifically termed lignocelluloses, muco-celluloses, 
pectocelluloses, adipocelluloses and cutocelluloses. Some pro- 
gress has been made in the constitutional study of these com- 
pounds, more especially the lignocelluloses. Cross and Bevan 
have studied the lignocellulose of jute, selecting this form 
because it seemed likely to be the simplest representative 
since jute matures in one season. They recognize the follow- 
ing general constituents: (a) a-cellulose, an oxidized cellulose; 
(b) B-cellulose, a less resistant form and yielding a large 
amount of furfural on hydrolysis; (c) lignone, a radical con- 
taining the carbonyl group and about one-third of which is of 
the benzeneoid type. 

The difficulties surrounding the experimental study of the 
celluloses are very great. Their insolubility in the ordinary 
solvents precludes purification in the usual way and renders 
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impossible any molecular weight determinations by the freez- 
ing or boiling point methods. They dissolve in a concen- 
trated aqueous solution of zinc chloride and in cuprammonium, 
forming colloidal solutions from which they may be precipi- 
tated as gelatinous hydrates. The fact that they are colloids 
presents one reason why chemists have not been more 
attracted to their study. Colloids have been very unmanage- 
able, but it is very noticeable that an increased amount of 
work is being done upon them. In the year 1890 only three 
communications upon colloids appeared, while in 1900 there 
were twenty-three. A brief statement of their properties is 
sufficient to show their unattractiveness. They possess little 
affinity, do not crystallize, dissolve to an indefinite degree in 
a very limited number of solvents, are filtered by animal 
membranes and form gelatinous precipitates. According to 
one view which is held by many we have in the colloidal solu- 
tion not a solution at all, but a suspension of very finely 
divided particles which are much larger than simple mole- 
cules. In view of their precipitation by electrolytes their 
study is being prosecuted by electro-chemists and, although 
more attention is being paid to the inorganic colloids, the 
whole subject is undergoing development. As new light is 
obtained, a deeper insight into the character of the celluloses 
will necessarily follow. It will help to make possible a scien- 
tific classification, something which is lacking at present. 
The formation of the celluloses is one of the most interest- 
ing problems connected with them and a very fundamental, 
one, too. What is the antecedent of cellulose? Durin has 
observed the formation in beet juice of a white insoluble sub- 
stance, possessing the characteristic of cellulose. If this 
substance is transferred to a pure cane sugar solution, more 
of it is formed. These observations point to cane sugar as 
the predecessor of cellulose. The more elaborate investiga- 
tions of Brown and Morris point more clearly to the same con- 
clusion. Their study of foliage leaves persuaded them that 
starch is not the raw material out of which cellulose is built 
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up, but that is rather a reserve material to be drawn upon in 
case of cell starvation, that is, when all the cane sugar has 
been translocated as dextrose and levulese. The problem can 
not be regarded as settled and further work in this direction 
is highly desirable. 

As already stated, the simple celluloses are represented by 
the empirical formula (C,H,,O,)n, the letter n standing for a 
number which is wholly problematical, although Bumcke and 
Wolffenstein have suggested 12. As for a constitutional for- 
mula this has yet to be worked out. How much progress has 
been made and what remains to be done? The great stability 
of cellulose, made familiar by its almost universal use as a 
filtering medium, has precluded in the minds of many of us a 
realization of the chemical activity which it really possesses. 
Its attraction for water is very strong, cotton cellulose retain- 
ing from six to twelve per cent, in the air-dried condition, 
and if this water is driven off, it will be reabsorbed on expos- 
ure to the atmosphere. This hygroscopic property bears an 
undetermined relation to the presence of hydroxyl groups 
because it decreases as the number of hydroxyl groups is 
diminished by substitution of acid radicals. Since the tetrace- 
tate seems to be the highest normal acetate, it is probable 
that there are four hydroxyl groups. The other oxygen atom 
is combined with carbon to form a carbonyl group, although 
this is not in the usual reactive condition. In the easily 
derived hydro- and oxy-celluloses it appears at once in natural 
character of a reducing agent. The large proportion of acetic 
acid obtained when cellulose is fused with alkaline hydroxides 
indicates the presence of CO-CH, groups. Its resistance to 
the action of halogens and alkalies shows it to be a saturated 
compound. Owing to the similarity of the empirical formula 
of cellulose and starch and to their association in the pro- 
cesses of nature, it has been customary to regard them as 
very closely related in constitution. However, there is 
undoubtedly a fundamental difference between them. Vignon 
has subjected purified cotton and starch to hydrolysis with 
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dilute hydrochloric acid at 100°. The percentage yields of 
reducing products equal to dextrose were as follows: cotton, 
3.29; starch, 98.6. Fenton and Gostling have brought out 
another striking behavior. Cotton cellulose is acted upon by 
dry hydrobromic acid in ethereal solution producing w-Brom- 
methylfurfural, a 33 per cent. yield being obtained. Under 
the same treatment potato starch yielded only 3.7 per cent. 
The belief is growing that cellulose does not belong to the 
straight chain compounds with the sugar and starches, but is 
instead a ring compound. Three formulae have been proposed 
for the unit group, C,H,.O,, as follows: 
CO 
~~ 
CHOH CHOH 

Cross and Bevan’s, | | 

CHOH CHOH 
™* 
CH, 


O——CH—-CHOH 


| 
| | 


Vignon’s, O CHOH; 


| | 
CH,—CH—CHOH 


CHOH—CH—CHOH 
| | 
Green’s, | O O 
| | 
CHOH—CH.—CH, 

Any general] theory of dyeing must take into account the 
constitution of cellulose. The three theories which have been 
held are (a) the mechanical, (b) the solid solution, and (c) 
the chemical. In view of the diverse chemical character of 
the three most important textile materials, silk, wool and 
cotton, it seems improbable that one theory will ever occupy 
the field to the exclusion of the other two. There are 
no reasons a priori for not combining the three by select- 























i905] WuHrkLER—ProOBLEMS IN CELLULOSE FIELD. 111 
ing what truth there may be in each one. The attempts to 
hold to one theory have been attended with serious difficul- 
ties. As for cellulose (cotton and linen fabrics) its nature as 
a chemical compound comes into play in certain dyeing pro- 
cesses. It behaves as a weak acid and if this acid character 
is increased by conversion into oxycellulose, it exhibits an 
increased affinity for basic dyes. On the other hand, Vignon 
has caused cotton by treatment with ammonia under various 
conditions to take up as much as 2.86 per cent. N which is 
not extracted by dilute hydrochloric acid and now, possessing 
basic properties, it will take an acid dye from an acid bath. 
These reactions seem to be cases of simple salt formation. As 
for the solid solution theory Witt regards substantive dyeing 
as a case of one solid dissolving another. The dye, being 
more soluble in the fibre than in the water, is extracted there- 
from by the fibre and in the fibre the dye exhibits the same 
characteristics which it shows in aqueous solution. Accord- 
ing to this view the chemical nature of the textile is of no 
consequence except as it affects its solvent capacity. The 
behavior of cellulose with certain dyes does not seem to mili- 
tate against this view. The general question is constantly 
under investigation. 

Although cellulose is distinguished by its permanence, it is 
attacked by a great variety of oxidizing agents. The pro- 
duct, called oxycellulose, is not uniform in character and 
experimenters seldom agree in their analytical data. Bumcke 
and Wolffenstein recently discarded the term oxycellulose and 
re-opened the whole question. The action of hydrogen perox- 
ide upon filter paper was studied. They came to the conclu- 
sion that cellulose can not undergo simple oxidation without 
hydrolysis. They substitute the name hydracellulose for 
oxycellulose, this name indicating the hydrolytic production 
and aldehydic properties of the product. It bears the same 
relation to cellulose as glucose to cane sugar. Tollens has 
also recently investigated the oxycellulose and proposes the 
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name celloxin for a body with the formula C,H,O,, or C,H,,O,, 
believing that the oxycelluloses are varying mixtures of cellu- 
lose with celloxin. Attempts to isolate celloxin have been 
unsuccessful. Vignon suggests that oxycellulose consists of 
three molecules of cellulose associated’with the group 
CHO(CHOH).CHCO 
KS 
O 


which is at once an aldehyde, an alcohol and a lactone. The 
unsettled state of this part of the field is apparent. 

The fermentation of cellulose, although an important ques- 
tion, has been studied by a few investigators only, notably 
Hoppe-Seyler, Tappeiner, Omelianski and Van Senus. Insuf- 
ficient work has been done upon pure cellulose and I have 
undertaken this phase of the investigation. Van Tieghen 
states that the cellulose ferment corresponds in properties 
with ‘tamylobacter,” a bacterium described by him, and it 
has been commonly asserted since that this was the cellulose 
ferment. Van Senus regards this as extremely doubtful, 
since these bacteria do not attack cellulose suspended in a 
meat extract solution. The fermentation is anaerobic and 
the products of decomposition are hydrogen, carbon dioxide, 
methane, acetic and butyric acids, the proportions varying 
with the conditions. If the fermentation can be carried out 
so that an intermediate product like alcohol is obtained, a 
discovery of tremendous importance will have been made. 
The subject of fermentation is also important in its relation 
to digestion not only in the human species but more especially 
in herbivorous animals. 

Through the decomposition of cellulose by chemical rea- 
gents there are obtained oxalic acid, alcohol and sugar, 
according to the conditions employed. Classen has gotten 
out a number of patents for the production of sugar (dextrose) 
from wood and he makes the startling claim that sulphuric 
acid converts all of the cellulose in wood into sugar. When 
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we consider the vast waste of cellulose in the form of sawdust 
(acres of it about a single saw mill) the possibilities of a new 
source of sugar (and from that, alcohol) are extremely inter- 
esting. 

Cellulose is acquiring a greater and greater importance in 
the arts and manufactures. Its use as a paper stock and as a 
raw material for clothing place it in the front rank of indus- 
trial products. Some of its derivatives also find extensive 
application, the nitro-celluloses for explosives, artificial silk 
and celluloid, and the thiocarbonate for artificial silk. The 
tetracetate has been found to possess insulating powers supe- 
rior to gutta-percha and it is now a commercial product. If 
a solution of the acetate is allowed to evaporate a film of 
great tenacity is obtained which may be used in photography 
and for laquering metals. An acetate may also be obtained 
in the form of a powder, soluble in chloroform and nitro- 
benzol. This is used for preparing substances resembling 
celluloid and as a substitute for collodion. Its advantages 
lie in the fact that it is odorless and is not inflammable. Two 
problems which have not been seriously attacked are the con- 
ductivity of pure cellulose and the use of cellulose as a mem- 
brane in osmotic work. Many other questions of varying 
degrees of importance might be mentioned. 

In concluding this brief survey I wish to express my agree- 
ment with the idea now often expressed that the demarcation 
line between the scientific and the practical has hitherto been 
too sharply drawn. Professor Jordan recently said: ‘“‘It is 
often a temptation to distinguish radically between pure 
science and applied science and to look upon the latter as 
unworthy the attention of the philosophically minded. True 
science can admit of no such distinction,” and President Jor- 
dan says, ‘‘Applied science can not be separated from pure 
science, for pure science may develop at any quarter the 
greatest and most unexpected economic values, while, on the 
other hand, the applications of knowledge must await the 
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acquisition of knowledge before any high achievement in any 
quarter can be reached. * * * Whatever is true is likely 
sometime to prove useful and all error is likely sometimes to 


prove disastrous.” 


UNIVERSITY OF NORTH CAROLINA, 
Chapel Hill, N. C. 


The Se cere~ 




















EXPERIMENTS ON THE PRODUCTION OF CRUDE 
TURPENTINE BY THE LONGLEAF PINE. 





BY CHAS. H, HERTY, PH.D. 





With the hope of improving the method of distillation com- 
monly practiced in the production of spirits of turpentine 
from the crude resin of the Longleaf Pine, the writer, at that 
time connected with the University of Georgia, began a sys- 
tematic study of conditions throughout the turpentine belt. 
Information was gathered from publications of the U. S. 
Department of Agriculture and from correspondence with 
leading men in the naval stores industry, railroad officials and 
others. 

It soon became apparent that the industry, which had 
started on a rather small scale in eastern North Carolina, had 
grown to large proportions, affording employment to thous- 
ands of laborers and furnishing the world with at least nine- 
tenths of the spirits of turpentine and rosin used in manufac- 
tures. It also became evident that during this period of 
growth the forests of North Carolina and South Carolina had 
been almost completely exhausted, while those of Georgia 
were being rapidly destroyed. Throughout the territory 
methods of operation were absolutely uniform. A visit to 
different sections showed at once the explanation of the com- 
plete destruction of the forests in the Carolinas, for in addi- 
tion to the removal of timber by the lumbermen, fires and 
storms following in the wake of the turpentine operator had 
completed the destruction. It needed no close observation to 
determine at once that the chief cause of this destructive 
action by fires and storms was the ‘‘box”, a large and deep 
hole cut into the trunk of the tree at its base to receive the 
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resin which exudes during the spring and summer mouths 
from the freshly scarified trunk above. 

In the cutting of the ‘‘box” or ‘‘boxes” in the base of the 
tree its trunk is partly severed and in storms splits off at the 
top of the box, breaking usually three or four feet higher. 

Again, the turpentine belt is characterized by a complete 
ground covering of ‘‘wire grass” whose exposed blades die 
during winter and are annually burned off in the early spring 
months to furnish better grazing for cattle. So long as tur- 
pentine operations are active, these ground fires do not dam- 
age the trees, for during the winter the laborers remove with 
hoes all wire grass and fallen straw a safe distance from each 
tree; but when the forest is abandoned, this precaution is 
no longer taken and with the next fire the resin which has 
gradually accumulated in the old ‘‘box” takes fire, the heat 
melts the resin on the scarified surface above which, flowing 
into the box, adds fuel to the flames until the tree falls; or if 
the case is not so extreme, until the tree is weakened to such 
an extent that it can no longer resist the attacks of injurious 
insects which soon kill it. 

The evident loss from this factor was so much greater than 
from imperfections in the method of distillation that common 
sense prompted that immediate efforts be diverted from the 
matter of distillation to that of a practical device for collect- 
ing the resin which would render unnecessary the cutting of 
the *‘box”. Many evidences were found of unsuccessful efforts 
to introduce a form of a cup system, some of these being iden- 
tical with the cup system used in the turpentine forests of 
France since 1860. But none had found any permanent place 
in the industry. 

With a simple apparatus somewhat like the French, con- 
sisting of a cup and two metallic troughs, preliminary experi- 
ments were begun during the summer vacation of 1901 at 
Statesboro, Ga. The metallic troughs or gutters, consisting 
of two inch strips of sheet galvanized iron, bent along the 
middle to form a trough, are inserted in inclined shallow cuts 
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across flattened surfaces of the tree and serve to lead the resin 
to acentral point. One of the gutters is slightly higher than 
the other, delivering its resin into the lower gutter, from the 
end of which all the resin drips into the cup suspended on a 
nail just below. Such an apparatus can at the end of each 
season be easily raised to a point near the scarification sur- 
face. With this apparatus tests were made primarily of its 
practicability and effectiveness. Further, the quality of the 
resin exuding from the trees in successive years of operation 
was determined. Under the ‘‘box” system the resin of the 
second, third and fourth years of operation shows gradually 
increasing coloration and the rosin left after distillation of 
the volatile spirits of turpentine is a deeper red and less valu- 
able. With the cup and gutters placed near the freshly scarified 
surface, it was proved that the quality of the resin so far as 
concerns color is as good in the fourth as in the first year, the 
color of the resin from the old ‘‘boxes” being due to absorp- 
tion of the highly colored oxidized resin on the long surface 
above the ‘‘box”. Quantitative experiments were made upon 
the loss of resin which falls outside of the ‘‘box”, due to 
trunks not perpendicular, and of the loss of volatile spirits of 
turpentine during the long flow to the ‘‘box”. It was also 
shown that different portions of the circumference of a tree, 
in many cases, vary greatly in ability to produce resin, and 
that the underside of a leaning tree is much more productive 
than the upper side. The daily rate of flow after scarifica- 
tion was studied and it was found that in general, sixty per 
cent. of the flow takes place during the first period of twenty- 
four hours, twenty-five during the second and after seven 
days, the flow practically ceases. Numerous other studies 
were projected and some were partly carried out, but the sum- 
mer vacation being ended, it was necessary to discontinue the 
work in the field. 

The interest of the U. S. Bureau of Forestry was aroused 
by these preliminary experiments and by the promise of prac- 
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ticability in the simple apparatus used. This led the writer 
during the following winter to accept a commission from the 


‘ Bureau to undertake field experiments on a commercial scale 


to test further the usefulness of the appartus in the hands of 
the average turpentine laborer, and to determine the import- 
ant question of whether or not the cutting of the box 
decreases the productive power of the tree. 

Crude turpentine (resin) is a pathological product, result- 
ing from the wound given the tree in scarification. It is nec- 
essary to wound the tree to get the flow of resin, but the cut- 
ting of the ‘‘box” is an unnecessary and intense wound and it 
seemed reasonable to expect that in comparative experiments 
trees which are not ‘‘boxed” would, with all other conditions 
equal, show an increased yield. 

These field tests were -carried out at Ocilla, Ga., on the 
place of Messrs. Powell, Bullard & Co. About twenty-five 
thousand trees were used during the first year. From one- 
half of these the resin was collected in the usual ‘‘box”; on 
the other half cups and gutters were placed. Four distinct 
sets of experiments were made corresponding to first, second 
third and fourth years of operation, five thousand cups and 
five thousand boxes in each set. Every precaution was taken 
to insure uniformity of conditions between the two halves of 
each set, or ‘‘crop” as designated in turpentine operating. 
Careful record was kept of the yield from all of the eight half 
‘‘crops”, each being separately distilled and the products sold 
separately. The results of the year’s tests were published 
by the Bureau of Forestry as Bulletin No. 40, entitled ‘A 
New System of Turpentine Orcharding”. 

After the first year, the experiments were continued only 
on one of the four sets, that designated ‘‘first” above, for 
only in this set did full conditions for comparative results 
obtain, one-half of the trees in this set never having been 
‘*boxed”, while in the other three seis, all of the trees had 
been boxed in previous years of operation. 

After conducting the tests three years, the experiments 
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were discontinued and the results published by the Bureau of 
Forestry as Circular No. 34 entitled ‘‘Practical Results of the 
Cup and Gutter System of Turpentining”. The symmary of 
these results shows the total value of the products (spirits of 
turpentine and rosin) trom three years of operation to have 
been from 








the cupped half-crop.....................-$2,688.55 
the bomed balf-crop.. ........+....0+.00.+-. SOG ES 
Gain from cupped half-crop.....$ 642.02 


an increase of about 32 per cent over the ‘‘box” system. 

The results of the first year of operation of these two half- 
crops, during which time conditions were identical in each 
except that in one half crop ‘‘boxes” had been cut in the trees, 
showed an increased yield from the unboxed trees of 23.5 per 
cent., thus confirming the hypothesis that the cutting of the 
box decreased the productive power of the tree. 

The publication of these results has resulted in the com- 
mercial introduction of the system on a large scale, and in 
many cases the results obtained with the apparatus have 
exceeded those obtained in the experimental tests. 

But the introduction of the cup system cannot of itself save 
the forests of Longleaf Pine from destruction. If too great a 
proportion of the circumference of the tree be removed in 
scarification, or ‘‘chipping” as it is termed, the tree will die 
whether a ‘‘box” has been cut or acuphung. Further exper- 
iments have, therefore, been begun by the Bureau of Forestry 
to determine to what extent the wound given in ‘‘chipping” 
can be decreased in width, height and depth without decreas- 
ing the production. It is possible that by moderate reduction 
the production may even be increased. ‘These experiments 
are now in progress. ; 
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A MEMOIR ON THE TWENTY-SEVEN LINES UPON 
A CUBIC SURFACE. 


PART II. 


ARCHIBALD HENDERSON, PH.D. 


CHAPTER II. 


THE CONFIGURATION OF THE DOUBLE-SIX. AUXILIARY. 
THEOREMS. 


§5. The Double-Sitx Notation. 


Let us write down, in Salmon’s notation, two systems of 
non-intersecting lines 


“di, ef, (ad + cf + eb), (ad - cf - eb), (ad + cf - eb), 
/, eb, ad, (ah + cd - ef), (ab +-cd- ef). (ab +-cd- ef). 


In this scheme, according to former postulation (§4), each 
line of one system does not intersect the line of the other sys- 
tem, which is written in the same vertical line, but does 
intersect the five other lines of the second system. 

The configuration was first observed by Schlafli* and was 
given by him the name it has since borne—a ‘‘double-six”. 
The concept of the double-six lies at the very basis of the 
study of the lines upon a cubic surface and the notation 


*‘An attempt to determine the twenty-seven lines upon a surface of the 
third order, and to divide such surfaces into species in reference to the 
reality of the lines upon the surface’’, Quarterly Journal of Math (1858), 
vol. II, pp. 55-65, 110-120, 
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derived therefrom is the most simple and convenient that has 
yet been discovered for the 27 lines and 45 triple tangent 
planes. 


NoraTion. Starting with the double-six, written 


G,, Gy Ay Ay Ay A, 


b, b, by b, b, b, 


1 


we are enabled to express the complex and diversified symme- 
try of the 27 lines and 45 triple tangent planes in unique and 
simple form. 

Returning to the double-six, written in Salmon’s notation, 
it appears that the lines ad, cb, and ed lie in the same plane 
and are the only three of the 27 lines that lie in the plane 4. 
In like manner cé, cd, and cf all lie in the plane c and hence 
the line that lies in the plane of ad and ed is identical with 
the line that lies in the plane of cd and cf, viz., the line cd. 

In the new notation, we shall call the third line in the 
plane of a,, and 4, which intersect, the line c,, and the trian- 
gle so formed shall be designated by 12. As has been shown 
above, the side c,, forms with a, and 4, a triangle, designated 
21. Hence we have 15 (=,c¢,) lines c, each of which inter- 
sects only those four lines a, 6 the suffixes of which belong to 
the pair of numbers forming the suffix of c. For suppose c,, 
should intersect any other line, say @,, of the eight lines ay 
a, a, a; 56,6, 6, 6. ° Then c,, intersecting a, 6, a, and 3, 
already, ca, 6, and c,, a, 6, form two triangles, and since 
they have two lines in common, their planes are identical and 
consequently 4, intersects 6,, contrary to hypothesis. 

Any two c’s, the suffixes of which have a number in com- 
mon, do not intersect. For suppose ¢,,, c,, intersect; they 
form a plane in which a, and @, lie and therefore a, meets 4, 
contrary to hypothesis. It may also be shown that any two 
c’s, the suffixes of which have no number in common, do inter- 
sect. 
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These facts may be briefly put as follows: 


¢;; intersects a;, 6;; aj, bi | 


%; intersects cy Py? 
a ugeeg Ci _ ay k, = 1,2~.. 6) 
, phase he ye . t, J, &, 4, all distinct 
7 = jt 


Ay is not equal to Aj; 


We see then that there are triangles of the form ¢,,, ¢,, C4 
which may be briefly represented by 12 - 34 - 56. Hence 
there are thirty (,/) triangles of the type 12 and fifteeu of 
the type 12 - 34 - 56. The latter arises from the fact that, 
if we fix our attention upon 12, the other two sets may be 
written in only three ways. 


§6. History of the Theorem. 


In 1858 Schlafli (4. c) proved the double-six theorem inci- 
dentally in connection with his investigations on the 27 lines 
on the cubic surface. He enunciated the theorem in the fol- 
lowing form:— 


Given five lines a, 6, c, d, e, which meet the same straight 
line X; then may any four of the five lines be intersected by 
uscther line. Suppose that A, B, C, D, E are the other lines 
intersecting (b, c, d, e), (¢, d, ¢, a), (d, e, a, b,), (e, a, 8, c,) 
and (a, 6, c, d) respectively. Then A, B, C, D, E will all be 


met by one other straight line x. 


The double-six in this case is written 


a & & & & @ 

A, B, GD, &, xX 
Schlafli then proposes the question-——‘‘Is there, for this ele- 
mentary theorem, a demonstration more simple than the one 


derived from the theory of cubic forms?” 
Sylvester* states that the theorem admits of very simple 


*Note sur les 27 droites d’une surface du 38¢ degré,’’ Comptes Rendus, 
vol. LII (1861) pp. 977-980, 
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geometrical proof but he did not give the proof. Saimon* has 
given a method for geometrically constructing a double-six 
but I do not understand it to be a proor of the theorem, inde- 
pendent of the cubic surface. 

In 1868 Cayleyt gave a proof of the theorem from purely sta- 
tic considerations, making use of theorems on six lines in 
involution. Again in 1870 Cayley{ verified the theorem, 
using this time his method of the six co-ordinates of a line. 
Kasner|| has recently given a proof by using the six co-ordi- 
nates of a line. 

The method I have adopted in the, following is indepen- 
dent of the theory of cubic surfaces. 


|Norge. This proof and a model of the configuration constructed in Nov. 
1902, were presented by me before the Chicago Section of the Am. Math. 
Society on April 11th, 1903. I had not at that time seen Kasner’s article in 
the April, 1903, number of the American Journal, an article having points 
of contact with mine. | 


§7. Proof of the Double-Six Theorem. 


Representing the double-six in the Schlafli-Cayley notation 


123456 
7’ y 2’ 4’ 5’ 6’ 
it is seen that these 12 lines have the thirty intersections Py’, 


*Geometry of 3 Divisions, 4th edition, p. 500. 


+‘‘A ‘Smith’s Prize’ Paper; Solutions’’, Ooll. Math Papers, vol. VIII 
(1868) pp. 480-481. 


¢*On the Double-Sixers of a Cubic Surface’’, Coll. Math. Papers, vol. 
VII., pp. 316-830; Quarterly Journal of Mathematics, vol. X, (1870) 
58-71. 


\|‘‘The Double-Six Configuration Connected with the Cubic Surface, and 
a Related Group of Cremona Transformations’’, American Journal of 
Mathematics vol. XXV, No. 2 (1908), pp. 107-122. 
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1 2 8 4 5 6 
a ae a 7 ‘i — 

1 e * | o | . - 

= 

| | 
2’ 7 7 | 7 H ° oe § 
| 
8’ * . | . } . . 
| | | 
| 
4 | . « | j . - } 
| y 
© a effet 
6 + . . e | e | } 
_ 


and determine thirty planes Ij’, (formed by the lines z and 


7’). 


Using quadriplanar co-ordinates, I choose for the lines 1’, 
3’, 4, 5’, 6’ the following equations: 


2 = 


Dw 


88 Cx + 83 Az — (a’y'd — ayd’})w = 0, y=0 

yy Dy — (By — KBy'8)z + y/ Bu = 0, x = 0 
z=0, w=0 

vx —a'w=0, ¥yy— Pz=—0 

ix —aw=0. y — Bz = 0 


where we set 


A, B, 


C, D = («’ — Ka), (f8’ — AB), (7 — Ay), (& — Ad) 


respectively. 


These five lines have a common tractor* since the determ- 


inant 


*Oayley uses the word ‘tractor’ to denote a line which meets any given 


lines. 








| 
: 
| 
: 
| 
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4. => | 0, (12), (13), (14), (15) = 0 
| (21), 0, (23), (24), (25) | 

' (31), (32), 0, (34), (35) 

| (41), (42), (43), 0, (45) 
| (51), (52), (53), (54), 0 


this being the condition* that any five lines 1, 2, 3, 4, 5 say, 
have a common tractor, where the equations of lines 7 and 7 
are 

aQxt+hy+aze¢+daw= 


Se si 
ax+Bytyuezt+ &w=0 foc 2) 


and 


Qaxthby+gztdw=0 | : 
ax + Bytyzt &w=0 fo) 


respectively, and we understand by ( 77 ) the determinant 


a,b, a, & 
ai, Bi ; Yi> 8; 
| a, &, G, a 
| ao, By wy & 


The fine lines 1’, 3’, 4’, 5’, 6’ constituting the co-tractorial 
quintuple do not mutually intersect, since in forming the 
determinants ( 7 ), none of them are found to vanish. A pos- 
sible difficulty arises from the fact that the hyperboloid through 
any three of these five collinear lines might touch a fourth, 
that is to say that certain four of the lines might have a dou- 
ble tractor.t That such is not the case appears in the 
sequel. 

Determining now the common tractor, 2, of these five lines, 
we find it to have the equations 


*Sylvester, ‘‘Note sur l’involution de six lignes dans l’espace’’, Comptes 
Rendaus, vol. LIT (1861), pp. 815-817. 


+Cayley, ‘‘On the Six Co-ordinates ofa Line’. Trans. Oamb. Phil. Soc., 
yol. XI, part IT (1869) pp. 290-828. 








126 JourNAL oF THE MiTcHELL SocrEty. [Nous 


~ ) YB (ex — aw) — 8A (yy — BaA= 
xae | yB (dx — aw) — 8A (yy — Bz) = 0 


Now, in general, four given lines have a pair of tractors. 
Since the five lines 1, 3’, 4’, 5’, 6 already have a single trac- 
tor 2, they have, in sets of four, five more tractors, thus:— 
the lines 1, 3, 4, 5, 6 are tractors of the sets (3’, 4’, 5’, 6’), 
(1’, 4’, 5’, 6”), (1’, 3’, 5’, 6’), (1’, 3’, 4’, 6’), (1’, 3’, 4, 5’) respec- 
tively. 

Let us proceed to determine the equations of the five lines 
1, 3, 4, 5, 6 Recalling the values of A, B,C and D above, it 
is obvious by inspection that the equations of lines 1 and 3, 
meeting the quadruples (3’, 4’, 5’, 6’) and (1’, 4’, 5’, 6’) respec- 
tively, are 


x= Q 
as yas Q, «= 0. 


The equations of line 4, since it meets the lines 5’ and 6’, are 
of the form 


x f Zz w | 
——A— + A— — == 0 
a’ Bp y iy 
L 
{ 
x y z w | 
—~-—A—+y--——=0 


The conditions that this line meet the line 1’, written in 
the form 


x z WwW 1 x z w 1 
— oe — — es —+-—-— . —-=0,y=90 
; a’ y x ay a Y r) a’y’ 
are given by 
A ae i. a= I. 


Then the line 4 has the equations 
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x y 2 u 
a ribald atid 
a B Y 8 

4: 4 }, 
| x y z w | 
}——-—+———=0 | 


a’ B’ y’ §’ 
and we see by inspection that this line meets the line 3’ when 
we write its equations in the form 


(-2 4 y Z ~)- {-24 z wi 
37: {-— -_—- ae > = 0, 
& / ps 


a= ©. 


Line 5, since it meets the lines 4 and 6’, has equations of 
the form 
z—aAw=0 


x ww y Zz 
a 8 B Y 
Meeting line 3’ (see form last written), it is necessary to 
identify the equations 
bs “ rn w . 
- = —_—2z— —_ = 
B Y 8 
1 /s' — £8 (yB’s’ — ky’ B8) w 
ei y ? , Ul as 
B' — kB vv 5(B’ — B) 8 








wherefore 
— — ) 1 1 OB & — hy’ B8) 
—_ 5) ys pf — kB 





giving ¥ :y=f8:8 
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y/o —s 
for which = -( a 
8\ 7 — ky! 


and accordingly 


5/ y — ky \ / x w (2 +7 
_| a a 


} 





\ 


y\ ®— kb /\a 8 \B Y/ 
Applying similar reasoning to the equation 
z—aAw=0 


with respect to the lines 1’ and 3’, we finally obtain 
A=>—. 


Then the equations of line 5 are 
8'z = yw ~_— 0 
BCOx — aw) — aD(yy — Bz) = 0. 


Determining in a precisely similar fashion the equations of 
liue 6, we find 


| sz — yw = 0 
B C8 x — a'w) — a’ D(y'y — Bz) = 0 


It remains to show that the five lines 1, 3, 4, 5,6 have a 
common tractor (in other words are collinear). 

Writing out the various determinants (77) and substituting 
in the formula for 4., we obtain (after reduction) 


4. =90 


and hence these five lines have a common tractor (but are not 
mutually intersecting, since no (77) = 0). 

Determining now the equations of the line, called 2’, which 
meets these five lines, we find 
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(ap’ — a’B)83 Cx + (78 — y'd)aa’ Bw = 0 
73 


(af’ — a’B) yy Dy + (78 — 8) BR Az = 0 


Hence we reach the following conclusion, which is 
Schlafli’s theorem:— 


The five lines determined from five co-tractorial lines by 
choosing the remaining tractor in each set of four of the latter 
lines, are themselves co-tractorial. 


In the above proof, the complete set of lines was derived 
from the five co-tractorial lines 1’, 3’, 4’, 5’, 6’, but it is imma- 
terial from which five of the primed or unprimed lines we 
start. Moreover the relation between the sets 1’, 3’, 4’, 5’, 6’ 
and 1, 3, 4, 5, 6 is a reversible one—the lines of one set are 
the tractors of the other set by fours and vice versa. 


§8. Anharmonic Ratios. 


Let us next find the co-ordinates of the points of intersec- 
tion of the lines 2’, 3’, 4’, 5’, 6’ with the line 1. Determining 
these in the usual way and writing down also the co-ordinates 
of the vertex C of the fundamental tetrahedron ASCD, we 
tabulate them as follows;— 


Pit 0  BB(yYS—y)A_ y/(R'—eV’B)D  O 

P: 0 £8&y—AB8yY yD 0 
13/ 

FP : 0 1 0 0 
u! 

PE: 8 B y 0 
as! 

, 0 B y 0 
w 

G2 0 0 1 0 


The anharmonic ratio of the four collinear points P , P , P 


12/ 13/ 1s/ 


F is identical with the anharmonic ratio of the four para- 
oF 


1 


meters 
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yy (aB’ — a’B)D yD : 
BB(y8—y8)A B8y—Ksy f° B 


A—A, ALA, 
Calculating the value = of the anharmonic 
A—A A—y», 


3 2 4 








ratio of these four parameters numbered in the order in which 
they are written, we find 


BS ( B(y'8 — 78) A — y(oB' — o'B)D 
Ase ; 
we EBS B(7'8 -- y8)A — (a8 — a’ B)D 





Let us now determine the co-ordinates of the points of 


intersection of the lines 1, 2, 3, 5, 6 with the line 47. These 
follow in the table below: 
FP: 0 1 0 0 
7 
P A B 0 0 
24! 
P 1 0 0 0 
3 
P ayD BsC 0 0 
sV/ 
F ay D BIC 0 0 
64/ 


The anharmonic ratio of the four collinear points P , P , 
24/ 34 


P ,F , is identical with the anharmonic ratio of the four 
wy 








parameters 
B BsC BIC 
oe 0, ’ 7 . 
A ayD a’'y’D 
B, — #, BB, : 
Calculating the value + of the anharmonic 





jh, BB, 


ratio of these four parameters numbered in the order in which 
they are written, we find 
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Bs psAC — ayBD 


(P,P,P,P)= 
5 J B¥AC—a'y BD 


ww Bs 
Recalling the fact that 
A, B, GC, D= (a — Fa), (8 — KB), (y —Ay), (& — £8) 
respectively, it is easily verified that 
BE | Alys— )A — yo — e'A)D 


Kp3 | B'(7'8 — y8)A — 7 (ah — a’B)D 
B ( BBAC—ayBD | 


i ps | BYAC — a'y BD { 








Accordingly 
Ce Pe ge Me! oe ee ee 
o -.  «@ ow wl 
or expressing this in a briefer fashion 
(2', 3, 5, 6), = (2, 3, 5, 6) 


Since the configuration is a symmetrical one, we have the 
general conclusion 


(2, ts zs te di "Ter (2, ty tes t,)4 2? 
and this theorem may be phrased as follows:— 


The anharmonic ratio of the points inwhich any four out of 
five co-tractorial lines cut the common tractor of all five is equal 
to the anharmonic ratio of the points where the fifth line is 
intersected by the correspondents of the first four. 


Let us designate the anharmonic ratio of the four planes 
formed by the plane 7,’ with the lines z,, 7, 7,, 4, by the symbol 
(2, 2) 4 %)i’,. Recalling next the known theorem concerning 
the two tractors of four lines, viz. that the four points of 
either tractor and the four planes of the other tractor have 
the same anharmonic ratio, we obtain 
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Coy Ay Bey Bedi’ = Cy ty By Fee’ 
and have by our last theorem 
(0, 0), 0, tee, = Cy ty yy He", 
which may be phrased as follows:— 


The anharmonic ratio of the four points, on one of five 
co-tractorial lines, which are collinear with three of the remain- 
ing lines is equal to the anharmonic ratio of the four planes 
determined by these remaining lines and their common tractor.* 

For other interesting results on the anharmonic ratios con- 
nected with the double-six configuration consult the paper of 


Kasner just referred to. 
89. Five Co-tractorial Lines as Primitive. 


Given any five co-tractorial lines, these determine uniquely, 
as was shown in § 7, the double-six configuration. Then if 
we consider the plane of 27’, it will be met by the lines 2, 7 in 
points which lie on the line 7. Since .P, = 15, the 12 lines 
of the double-six together with the 15 new James make up 27 
in all, the total number upon the cubic surface.t Then the 
condition 4, = 0 (§7,), which is the condition that five lines 
be co-tractorial, is likewise the condition that five given lines 
may lie in a cubic surface. The result of Sylvester, viz. that 
A. = 0 is the condition that five given lines be co-tractorial, 
is found in a paper on the “‘Involution of Six Lines”,{ a sub- 
ject first studied by him in connection with a theorem in the 
Lehrbuch der Statik, by Mébius (Leipzig). 

If we are given five lines, defined by their six co-ordinates 


*Kasner, Am. Journal Math. vol. XXV, No. 3 (19038), p. 114. 


+Sylvester,’Comptes Rendus, vol. LII (1861), pp. 977-980. Of. also Sal- 
mon, Geom. of Three Dimensions, 4th edition, pp. 500-501 and R. Sturm, 
Flachen Dritter Ordnung, pp. 57-59. 


tComptes Rendus, vol. LIT (1861), pp. 815-817, 
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(4, by Os fis Sv Ayr ++ (Ay b5 Oy Ky By 2,), then the condi- 
tion that these five lines be co-tractorial is also 


| 

| 21, 0, 23, 24, 25 
| 31, 32, 0, 34, 35 
| 41, 42, 43, 0, 45 
| 51, 52, 53, 54, 0 


0, 12, 13, 14,15 |=0, 
| 
| 
| 





where we set 


af.+ a4f.+ 62,+ b,2,+ ¢6,+ ¢,6,= 12, &c.,* 
which is also the condition that these lines may be in a cubic 
surface.t 

The virtual identity of this condition with that of Sylves- 
ter (4, = 0 of §7) is on account of the fact that Cayley’s 
determinant of the fifth order above written is the square root 
of Sylvester’s 4..} 


*Oayley, Coll. Math. Papers, vol. VII (1867), pp. 66-98. 
+Cayley, Coll. Math: Papers, vol. VII (1870), p. 178. 
+Sylvester, Comptes Rendus, vol. LII (186:), p. 816. 








